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We prove that a ﬁnite torsion-free associative conformal algebra
has a ﬁnite faithful conformal representation. As a corollary, it is
shown that one may join a conformal identity to such an algebra.
Some examples are stated to demonstrate that a conformal identity
cannot be joined to any torsion-free associative conformal algebra.
In particular, there exist associative conformal algebras of linear
growth and even locally ﬁnite ones that have no ﬁnite faithful
representation. We also consider the problem of existence of a
ﬁnite faithful representation for a torsion-free ﬁnite Lie conformal
algebra (the analogue of Ado’s Theorem). It turns out that the
conformal analogue of the Poincaré—Birkhoff—Witt Theorem would
imply the Ado Theorem for ﬁnite Lie conformal algebras. We also
prove that every torsion-free ﬁnite solvable Lie conformal algebra
has a ﬁnite faithful representation.
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1. Introduction
Conformal algebras were introduced in [1] as a useful tool for studying vertex algebras, see [2]
as a general reference. The structure of a (Lie) conformal algebra encodes the singular part of the
operator product expansion (OPE) which is responsible for the commutator of two ﬁelds. Namely,
suppose (V , Y ,1) is a vertex algebra, where V is a space of states, Y : V → End V z, z−1 is a space-
ﬁeld correspondence, 1 ∈ V is a vacuum vector. The commutator of two ﬁelds can be expressed as a
ﬁnite distribution
[
Y (a,w), Y (b, z)
]=∑
n0
1
n!Y (cn, z)
∂nδ(w − z)
∂zn
, a,b ∈ V ,
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Y (cn, z) = Resw=0(w − z)n
[
Y (a,w), Y (b, z)
]
,
where Resw=0F (w, z) means the formal residue at w = 0, i.e., the formal series in z that is a coeﬃ-
cient of F (w, z) at w−1.
One may consider the space of ﬁelds {Y (a, z) | a ∈ V } as an algebraic system with operations D(·)
and (· (n) ·), n 0, where D is the formal derivation with respect to z, Y (a, z) (n) Y (b, z) = Y (cn, z). The
system obtained is known as a (Lie) conformal algebra, it has precise axiomatic description. Roughly
speaking, Lie conformal algebras relate to vertex algebras as ordinary Lie algebras relate to their asso-
ciative enveloping algebras.
Conformal algebras as well as their representations and cohomologies have been studied in a series
of papers, see, e.g., [3–10]. In particular, associative conformal algebras naturally appear in the study
of representations of Lie conformal algebras.
From the algebraic point of view, all these notions (various conformal algebras, their represen-
tations and cohomologies) are higher-level analogues of the ordinary notions in the pseudo-tensor
category [11] associated with the polynomial Hopf algebra k[D], see [12] for details. Note that ordi-
nary algebras (representations, cohomologies) correspond to the case of 1-dimensional Hopf algebra.
For conformal algebras, the analogues of ﬁnite-dimensional algebras are those ﬁnitely generated
as modules over H = k[D]. These conformal algebras are called ﬁnite. A conformal algebra is said to
be torsion-free if it has no torsion as an H-module. The structure theory of ﬁnite Lie conformal alge-
bras was developed in [4] and later generalized in [12] for pseudo-algebras. The structure theorems
for ﬁnite associative conformal algebras and pseudo-algebras were derived from the corresponding
statements on Lie algebras.
If an ordinary (Lie or associative) algebra A has a ﬁnite-dimensional faithful representation then
A is obviously ﬁnite-dimensional itself. This is not the case for conformal algebras: If a (Lie or as-
sociative) conformal algebra C has ﬁnite representation (i.e., a representation on a ﬁnitely generated
H-module) which is faithful then C may not be ﬁnite itself. This phenomenon brings into consid-
eration another class of “small” conformal algebras—those with ﬁnite faithful representations. The
structure of such associative conformal algebras was described in [13]. For Lie conformal algebras
with ﬁnite faithful representations, the classiﬁcation problem was partially solved in [8,14,15], but
remains open in general.
However, it is not clear whether the class of all conformal algebras that have ﬁnite faithful rep-
resentations includes the class of torsion-free ﬁnite conformal algebras. For associative conformal
algebras, this question is closely related with another one (posed in [10]): Is it possible to join a
conformal identity (introduced in [9]) to a torsion-free associative conformal algebra? The last prob-
lem is interesting itself since conformal algebras with an identity (unital ones) have a good structure
raising from ordinary differential algebras (see Theorem 1).
In this paper, we solve these problems for associative conformal algebras. It turns out that every
torsion-free ﬁnite associative conformal algebra can be embedded into an associative conformal alge-
bra with a (two-sided) conformal identity. In particular, every torsion-free ﬁnite associative conformal
algebra has a ﬁnite faithful representation. For inﬁnite associative conformal algebras, these state-
ments are not true: We state examples of torsion-free associative conformal algebras that cannot be
embedded into unital ones (even with a one-sided identity) and have no ﬁnite faithful representation.
For ﬁnite Lie conformal algebras, the problem of existence of a ﬁnite faithful representation is
analogous to the problem solved by the classical Ado Theorem for ﬁnite-dimensional Lie algebras. If L
is a centerless (e.g., semisimple) ﬁnite Lie conformal algebra then the regular (adjoint) representation
of L on itself is ﬁnite and faithful. It is unknown whether every torsion-free ﬁnite Lie conformal
algebra has a ﬁnite faithful representation.
It is also unknown whether a ﬁnite torsion-free Lie conformal algebra can be embedded into an
associative conformal algebra (in general, this is not true [7]). In [16], it was shown that a nilpotent
Lie conformal algebra can be embedded into a nilpotent associative one. Since a ﬁnitely generated
nilpotent associative conformal algebra is ﬁnite, it is possible to conclude that a ﬁnite torsion-free
nilpotent Lie conformal algebra has a ﬁnite faithful representation. In this paper, we obtain a more
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representation (in particular, it can be embedded into a ﬁnite associative conformal algebra). Since
every ﬁnite Lie conformal algebra L has a maximal solvable ideal R such that L/R is semisimple [4],
this result seems to be an important step on the way to the general Ado Theorem for conformal
algebras.
We also show that if the conformal analogue of the Poincaré—Birkhoff—Witt Theorem in the sense
of [7] holds for a ﬁnite torsion-free Lie conformal algebra L then L has a ﬁnite faithful representation.
Throughout the paper, we assume the characteristic of the base ﬁeld k is zero.
2. Preliminaries
2.1. Conformal algebras
Suppose C is a left unital module over the polynomial algebra H = k[D] equipped by a countable
family of k-bilinear n-products (· (n) ·), n ranges over the set Z+ of non-negative integers. Then C is
said to be a conformal algebra [1] if these operations satisfy the following axioms:
a (n) b = 0 for almost all n 0, (1)
Da (n) b = −na (n−1) b, (2)
a (n) Db = D(a (n) b) + na (n−1) b (3)
for all a,b ∈ C . (One should assume zero in the right-hand side when the index of a product becomes
negative.)
The axiom (1) known as the locality axiom allows to deﬁne locality function NC : C × C → Z+ .
Namely, NC (a,b) is the minimal non-negative integer such that a (n) b = 0 for all n NC (a,b). Axioms
(2), (3) are called sesqui-linearity.
A conformal algebra C is said to be torsion-free if it has no torsion as an H-module:
TorH C := {a ∈ C | ha = 0 for some 0 = h ∈ H} = 0.
It was proved in [17] that the torsion of a conformal algebra C is an annihilator ideal of C , i.e.,
C (n) TorH C = TorH C (n) C = 0 for all n 0.
A very useful technique for computations in conformal algebras was proposed in [17]. Assume λ
is a formal variable taking on its values in k, and consider
a (λ) b =
NC (a,b)−1∑
n=0
λn
n! (a (n) b) ∈ C[λ], a,b ∈ C .
The polynomial a (λ) b with coeﬃcients in C is called λ-product of a and b. Then (2) and (3) can be
equivalently written as
Da (λ) b = −λ(a (λ) b), a (λ) Db = (D + λ)(a (λ) b).
For a,b ∈ C , n 0 denote
{a (n) b} =
∑
s0
(−1)n+s
s! D
s(a (n+s) b). (4)
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{a (λ) b} :=
∑
n0
λn
n! {a (n) b} = (a (−D−λ) b) ∈ C[λ].
A conformal algebra C is said to be associative if
a (λ) (b (μ) c) = (a (λ) b) (λ+μ) c (5)
or, in terms of n-products,
a (n) (b (m) c) =
∑
s0
(
n
s
)
(a (n−s) b) (m+s) c (6)
for all a,b, c ∈ C , n,m 0. If
(a (λ) b) = −{b (λ) a}, (7)
a (λ) (b (μ) c) − b (μ) (a (λ) c) = (a (λ) b) (λ+μ) c (8)
for all a,b, c ∈ C then C is said to be a Lie conformal algebra. These properties can be expressed in
terms of n-products as follows:
(a (n) b) = −{b (n) a}, (9)
a (n) (b (m) c) − b (m) (a (n) c) =
∑
s0
(
n
s
)
(a (n−s) b) (m+s) c (10)
for all n,m 0.
In [12], these notions were explained in terms of pseudo-tensor categories.
One may consider {· (n) ·}, n 0, as a new family of operations on C . It is easy to verify the relations
{Da (λ) b} = (D + λ){a (λ) b}, {a (λ) Db} = −λ{a (λ) b}.
If C is an associative conformal algebra then these operations have the following properties
(see [17]):
a (λ) {b (μ) c} =
{
(a (λ) b) (μ) c
}
, (11){
a (λ) (b (μ) c)
}= {{a (μ) b} (λ−μ) c}, (12){
a (λ) {b (μ) c}
}= {{a (λ−μ) b} (μ) c}, (13)
{a (λ) b} (μ) c = a (μ−λ) (b (λ) c), (14)
for a,b, c ∈ C .
Example 1. If A is an ordinary (associative or Lie) algebra then the free H-module C = H ⊗ A is an
(associative or Lie) conformal algebra with respect to(
f (D) ⊗ a) (λ) (g(D) ⊗ b)= f (−λ)g(D + λ) ⊗ ab, f , g ∈ H, a,b ∈ A.
This structure is called the current conformal algebra Cur A over A.
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f (D, x) (λ) g(D, x) = f (−λ, x)g(D + λ, x+ λ), f , g ∈ k[D, x],
turns C into an associative conformal algebra known as the Weyl conformal algebra.
Example 3. Consider the free 1-generated H-module generated by an element x. This module, H ⊗kx,
with respect to the λ-product
(
f (D) ⊗ x) (λ) (g(D) ⊗ x)= f (−λ)g(D + λ)(D + 2λ) ⊗ x
is a Lie conformal algebra called the Virasoro conformal algebra V ir.
Given an associative conformal algebra C , one may consider the same H-module endowed with
new operations (· (n)op ·), n 0, deﬁned as follows:
a (n)
op b = {b (n) a}, a,b ∈ C .
Then the system Cop = (C, D, (· (n)op ·),n 0) is an associative conformal algebra called opposite to C .
It is clear that (Cop)op = C .
An element e of an associative conformal algebra C is said to be a conformal identity [9,10] if
e (0) x = x for all x ∈ C and NC (e, e) = 1. We will call such an element left identity of C . It is natural
to introduce the “opposite” notion: e is said to be a right identity of C if {x (0) e} = x for all x ∈ C and
NC (e, e) = 1. It is clear that if e is a left (right) identity of C then e is a right (left) identity of Cop. If
a left identity e ∈ C is a right identity of C then it is said to be a two-sided identity of C .
Relations (12) and (14) imply that if e is a left (right) identity of an associative conformal algebra C
then (a−{a (0) e}) (λ) C = 0 (respectively, {C (λ) (a−e (0) a)} = 0). Therefore, if the left (right) annihilator
of C is zero then each left (right) identity is two-sided. For example, this is the case for semisimple
conformal algebras. The following statement was originally proved in a slightly weaker form.
Theorem 1. (See [9].) Let C be an associative conformal algebra with a two-sided identity. Then there exists an
ordinary associative algebra A with a locally nilpotent derivation ∂ such that C  H ⊗ A, and the λ-product
is given by
(
f (D) ⊗ a) (λ) (g(D) ⊗ b)= f (−λ)g(D + λ) ⊗ aeλ∂(b), a,b ∈ A, f , g ∈ H .
In particular, a (n) b = a∂n(b) for a,b ∈ A. Conformal algebras of this type are called differential [9].
If C is an associative conformal algebra then the same H-module with respect to the new products
[a (n) b] = a (n) b − {b (n) a}, a,b ∈ C, n 0, (15)
is a Lie conformal algebra denoted by C (−) . It is easy to deduce from (5), (11)–(14) that
[
a (λ) (b (μ) c)
]= [a (λ) b] (λ+μ) c + b (μ) [a (λ) c]. (16)
Given a Lie conformal algebra L, one may consider the category E(L) of associative envelopes of L.
The objects of E(L) are pairs (C, ι), where C is an associative conformal algebra, ι : L → C (−) is a
homomorphism of conformal algebras, and C is generated (as an associative conformal algebra) by
the set ι(L). Suppose (C1, ι1) and (C2, ι2) are two objects of E(L). A homomorphism ϕ : C1 → C2 of
conformal algebras is a morphism of E(L) if ϕι1 = ι2 : L → C (−)2 .
The natural analogues of universal associative enveloping algebras for Lie conformal algebras were
introduced in [7]. Suppose L is a Lie conformal algebra generated by its subset B , and let N be a
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has the following property: For every (U , ι) ∈ E(L) such that NU (ι(a), ι(b)) N for all a,b ∈ B there
exists a morphism of envelopes ϕ : UN (L) → U .
It was shown in [7] that there exist Lie conformal algebras L such that ι is not injective for every
(C, ι) ∈ E(L), i.e., L cannot be embedded into an associative conformal algebra.
The classical Poincaré—Birkhoff—Witt (PBW) Theorem for Lie algebras states that the graded asso-
ciative algebra grU (g) (with respect to the natural ﬁltration) of the universal enveloping algebra U (g)
of a Lie algebra g is isomorphic to the symmetric algebra S(g). For conformal algebras, the analogue
of the PBW statement should sound as follows [7].
If L is a torsion-free ﬁnite Lie conformal algebra with a basis B over H then every associative
envelope (U , ι) ∈ E(L) has a natural ﬁltration U1 ⊆ U2 ⊆ · · · , where Un is spanned over H by all
terms ι(a1) (n1) . . . (nk−1) ι(ak), ai ∈ B , 1 k n, ni  0, with any bracketing. Since Un (λ) Um ⊆ Un+m[λ]
for all n,m 1, the graded associative conformal algebra grU can be deﬁned in the ordinary way.
In [7], the notion of the PBW property for torsion-free conformal Lie algebras (with respect to a
ﬁxed basis B over H) was proposed: An algebra L has the PBW property with respect to B if for any
suﬃciently large constant locality function N on B × B the graded universal enveloping associative
conformal algebra grUN (L) is isomorphic to the free commutative conformal algebra generated by B
with respect to the locality function N . Unfortunately, not all even ﬁnite torsion-free Lie conformal
algebras have the PBW property, see Example 7 below.
2.2. Conformal endomorphisms and representations of conformal algebras
Let us recall the notion of a conformal endomorphism [17]. Consider a left unital module M
over H . By EndM we denote the associative algebra of k-linear maps from M to itself. A left (right)
conformal endomorphism of M is a sequence a = {an}n0, an ∈ EndM , such that for every u ∈ M we
have an(u) = 0 for almost all n 0 and [an, D] = nan−1 (respectively, anD = −nan−1) for all n 0.
Denote by Cendl M (Cendr M) the set of all left (right) conformal endomorphisms of M . These are
linear spaces which are also H-modules with respect to the actions deﬁned by
(Da)n = −nan−1, a ∈ Cendl M, n 0;
(Da)n = Dan + nan−1, a ∈ Cendr M, n 0.
If M is a ﬁnitely generated H-module then both Cendl M and Cendr M are associative conformal
algebras with respect to the following operations [17]:
(a (n) b)m =
n∑
s=0
(−1)s
(
n
s
)
an−sbm+s, a,b ∈ Cendl M, n,m 0;
(a (n) b)m =
m∑
s=0
(
m
s
)
bn+sam−s, a,b ∈ Cendr M, n,m 0.
These operations can be deﬁned on Cendl M and Cendr M for an arbitrary H-module M . Finiteness
condition is needed to guarantee the locality axiom (1) to hold. If M is an inﬁnitely generated H-
module then (1) may not be true in Cendl M or Cendr M , but it is still possible to deﬁne {· (n) ·},
n  0, via (4): Inﬁnite sum converges to a conformal endomorphism. Therefore, the operations (15)
are well-deﬁned on Cendl M or Cendr M . If M is ﬁnitely generated over H then (Cendl M)(−) is a Lie
conformal algebra denoted by gcM .
One may consider a conformal endomorphism a ∈ Cendl M as a formal power series
aλ =
∑
n0
λn
n! an ∈ (EndM)λ,
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can be deﬁned in terms of formal series as
(Da)λ = −λaλ, (a (λ) b)μ = aλbμ−λ, a,b ∈ Cendl M.
For Cendr M , a similar description can be stated. In this case, a formal series aλ ∈ (EndM)λ
deﬁnes a right conformal endomorphism if aλ(u) ∈ M[λ] for every u ∈ M and aλD = −λaλ . Conformal
operations are deﬁned by
(Da)λ = (D + λ)aλ, (a (λ) b)μ = bλ+μaμ, a,b ∈ Cendr M.
Proposition 1. There exists an H-linear bijection τ : Cendl M → Cendr M such that {τ (b)(n) τ (a)} = τ (a (n)b)
for all a,b ∈ Cendl M, n 0. In particular, for a ﬁnitely generated H-module M associative conformal algebras
Cendl M and (Cendr M)op are isomorphic.
Proof. Consider the map
τ : Cendl M → Cendr M,
τ (a)n =
∑
s0
(−1)n+s
s! D
san+s, a ∈ Cendl M, n 0.
The sum in this deﬁnition is formally inﬁnite, but τ (a)n is a well-deﬁned linear map from M to M
since for every u ∈ M only a ﬁnite number of an(u) are nonzero.
In terms of formal power series, τ may be expressed as
τ (a)λ = a−D−λ.
Let us check that τ (a) ∈ Cendr M . Indeed,
τ (a)λD = a−λ−DD =
(
D + (−λ − D))a−λ−D = −λτ(a)λ.
Moreover, τ (Da)λ = (Da)−D−λ = (D +λ)a−D−λ = (D +λ)τ (a)λ = (Dτ (a))λ , so τ is H-linear. Note that
τ is a bijection since τ−1 can be deﬁned by the very same formula: τ−1(b)λ = b−λ−D , b ∈ Cendr M .
Finally,
{
τ (b) (λ) τ (a)
}
μ
= (τ (b) (−D−λ) τ (a))μ =∑
n0
1
n!
(
(−D − λ)n(τ (b) (n) τ (a)))μ
=
∑
n,m,s0
1
n!
1
m! (−D − μ − λ)
nμm
(
m
s
)
τ (a)n+sτ (b)m−s
=
∑
n,m,s0
1
n!
1
(m− s)!
1
s! (−D − μ − λ)
nμsμm−sτ (a)n+sτ (b)m−s
=
∑
n,s0
1
n!
1
s! (−D − μ − λ)
nμsτ (a)n+s
∑
m0
1
m!μ
mτ (b)m = τ (a)−D−λτ (b)μ
= aλb−D−μ
for every a,b ∈ Cendl M . On the other hand,
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∑
n,m0
1
n!
1
m! (−D − μ)
mλn(a (n) b)m
=
∑
n,m,s0
1
n!
1
m! (−1)
s
(
n
s
)
(−D − μ)mλnan−sbm+s
=
∑
m,s0
1
m!
1
s! (−λ)
s(−D − μ)m
(∑
n0
1
n!λ
nan
)
bm+s
=
∑
m0
1
m! (−D − μ − λ)
maλbm =
∑
m0
1
m!aλ(−D − μ)
mbm = aλb−D−μ. 
Deﬁnition 1. (See [5].) A left (right) representation of an associative conformal algebra C on an H-
module M is an H-linear map ρ from C to Cendl M (Cendr M) such that ρ(a (n) b) = ρ(a) (n) ρ(b) for
all a,b ∈ C , n 0.
For a Lie conformal algebra C , its representation is an H-linear map ρ : C → Cendl M such that
ρ(a (n) b) = [ρ(a) (n) ρ(b)], a,b ∈ C , n 0.
Proposition 1 implies that left (right) representations of an associative conformal algebra C are in
one-to-one correspondence with right (left) representations of Cop. Obviously, there is no reason to
distinguish left and right representations for Lie conformal algebras.
A left representation ρ of a (Lie or associative) conformal algebra C on an H-module M can be
described in terms of operations (· (n) ·) : C ⊗ M → M , n 0, deﬁned as follows:
a (n) b = ρ(a)nb, a ∈ C, b ∈ M.
These operations satisfy the analogues of (1)–(3) and (6) (for associative algebra) or (10) (for Lie
algebra). We will also use the formalism of λ-products for representations of conformal algebras.
If C has a left (right) representation on an H-module M then M is called left (right) conformal
C-module.
A representation ρ (or the corresponding conformal module M) is said to be ﬁnite if M is a ﬁnitely
generated H-module. If ρ is injective then M is called faithful conformal module. A ﬁnite represen-
tation of an associative (Lie) conformal algebra C is just a homomorphism of conformal algebras
C → Cendl M (C → gcM , respectively).
Consider a free ﬁnitely generated H-module M . If we ﬁx a system of H-linearly independent gen-
erators e1, . . . , en of M then M can be identiﬁed with the linear space H ⊗ kn , and Cendl M can be
presented as the space of matrices Mn(k[D, x])  k[D, x] ⊗ Mn(k), where(
f (D, x) ⊗ A)
λ
(
h(D) ⊗ u)= f (−λ, D)h(D + λ) ⊗ Au (17)
for f ∈ k[D, x], A ∈ Mn(k), h ∈ H , u ∈ kn . Then(
f (D, x) ⊗ A) (λ) (g(D, x) ⊗ B)= f (−λ, x)g(D + λ, x+ λ) ⊗ AB (18)
for f , g ∈ k[D, x], A, B ∈ Mn(k) [17,9]. It means that Cendl M is a differential conformal algebra (see
Theorem 1) based on the algebra A = Mn(k[x]) with respect to the ordinary derivation ∂ = d/dx.
It is easy to note (see, e.g., [18] that Cendln  Cendrn . From now on, we will denote by Cendn the
conformal algebra of left conformal endomorphisms of H ⊗ kn . In particular, Cend1 is just the Weyl
conformal algebra from Example 2.
Left and right ideals of Cendn were described in [8]. All right ideals are of the form CendP ,n =
P (x)Mn(k[D, x]), where P (x) is a matrix in Mn(k[x]); all left ideals are of the form Cendn,P =
Mn(k[D, x])P (x− D).
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The class of associative conformal algebras is not a variety in the ordinary sense. However, given a
set B of generators and a function N : B × B → Z+ , one may build free associative conformal algebra
ConfAs〈B;N〉 generated by B with respect to the locality function N [6]. This algebra has the following
universal property: For every associative conformal algebra C and for every map α : B → C such that
NC (α(a),α(b))  N(a,b) for all a,b ∈ B there exists a unique homomorphism ϕ : ConfAs〈B;N〉 → C
such that ϕ|B = α.
The structure of ConfAs〈B;N〉 was completely described in [6]. In particular, its linear basis con-
sists of conformal monomials Ds(a1 (n1) (a2 (n2) . . . (ak (nk) ak+1) . . .)), where k, s  0, ai ∈ B , 0  ni <
N(ai,ai+1). It is easy to see that the right-justiﬁed monomials of the form
u = Ds((. . . (a1 (n1) a2) . . .ak) (nk) ak+1) (19)
with the same restrictions on and ni also form a linear basis of ConfAs〈B;N〉. It is natural to denote
k = degB u, s = degD u. For every conformal polynomial
f =
∑
i
αiui ∈ ConfAs〈B;N〉, αi ∈ k,
where each ui is of the form (19), degB f (degD f ) is the maximal degB ui (degD ui) among all ui
such that αi = 0. If degD f = 0 then f is said to be D-free conformal polynomial.
Assume B is a linearly ordered set. Consider the following order on the basic conformal monomi-
als: If u is of the form (19) then deﬁne its weight as
wt(u) = (k + 1,ak+1,nk,ak, . . . ,a2,n1,a1, s)
and compare weights lexicographically, i.e.,
u1  u2 ⇐⇒ wt(u1)wt(u2). (20)
2.4. Gelfand—Kirillov dimension of conformal algebras
In group and ring theory, the notions of growth of a system (group, algebra, or module) and
Gelfand—Kirillov dimension (as a logarithmic measure of growth) play an important role. For confor-
mal algebras, the analogous notions were introduced in [9].
Suppose C is a ﬁnitely generated conformal algebra, V is a ﬁxed set of generators. Then, for every
integer n 1, the H-submodule V (n) of C spanned by all conformal monomials in V of length l  n
is ﬁnitely generated over H . The Gelfand—Kirillov dimension (GK-dimension) of C is deﬁned as
GKdimC = lim
n→∞
ln rank V (n)
lnn
.
This characteristic (real number or ∞) does not depend on the choice of a generating set V . If C is
inﬁnitely generated then its GK-dimension is equal to the supremum of GK-dimensions of its ﬁnitely
generated subalgebras.
In particular, if GKdimC = 0 then C is locally ﬁnite. There are no conformal algebras of inter-
mediate GK-dimension between 0 and 1. If GKdimC = 1 then C is said to be of linear growth. For
example, GKdimCendn = 1. Therefore, if an (associative or Lie) conformal algebra has a ﬁnite faithful
representation then its GK-dimension is equal to 0 or 1.
It was conjectured in [15] and proved in [18,13] that the class of simple ﬁnitely generated as-
sociative conformal algebras of linear growth coincides with the class of inﬁnite simple associative
conformal algebras with ﬁnite faithful representation: All these algebras are of the form Cendn,P ,
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growth have a ﬁnite faithful representation. As we show in this note, this is not true.
2.5. Summary of results
Consider the following statements about a torsion-free associative conformal algebra C .
(F) C is ﬁnite;
(FR) C has a ﬁnite faithful left representation;
(FFR) C has a ﬁnite faithful left representation on a free H-module;
(U) C can be embedded into an associative conformal algebra that contains a right identity;
(TU) C can be embedded into an associative conformal algebra that contains a two-sided identity;
(NA) C has no right annihilator, i.e., {a ∈ C | C (λ) a = 0} = 0.
It is trivial that (TU) implies (U) and (FFR) implies (FR). Also, it follows from the structure of Cendn
that (FFR) implies (TU): The element 1 ⊗ In , where In is the identity matrix, is a two-sided identity
of Cendn . It is easy to see (e.g., [13]) that (FR) together with (NA) imply (FFR). In the same paper, it
was shown that free associative conformal algebra with uniform locality on generators satisﬁes (TU).
Moreover, it is easy to see that (F) and (U) imply (FFR) and (TU). Indeed, if C ⊆ C ′ , where C ′
contains a right identity e, then C ′ is torsion-free, and the left C-submodule M generated in C ′ by
the element e is ﬁnite over H . The corresponding left representation of C on M is faithful since e ∈ M .
In this note, we will show that (U) does not imply (TU), and (FR) does not imply (FFR), in general.
We state an example of a ﬁnitely generated associative conformal algebra C of linear growth that
satisﬁes (NA), but does not satisfy (U). In particular, C does not satisfy (FR).
Another example shows that even a locally ﬁnite torsion-free associative conformal algebra C may
have no faithful ﬁnite representation: We construct an example of such C that does not satisfy nei-
ther (U), nor (FR).
Remark 1. It is clear that all these statements above remain true if we exchange the attributes “left”
and “right” for representations, identities, and annihilators.
Our main result for associative conformal algebras states that (F) implies (FFR). In particular, every
torsion-free ﬁnite associative conformal algebra satisﬁes (TU). Being combined with the result of [16],
the statement obtained allows to conclude that ﬁnite nilpotent Lie conformal algebra has a ﬁnite
faithful representation on a free H-module. We use another method to obtain more general fact:
A ﬁnite solvable Lie conformal algebra has a ﬁnite faithful representation on a free H-module.
Also, we point out the following curious fact. For a ﬁnite Lie conformal algebra, the Poincaré—
Birkhoff—Witt Theorem (in the sense of [7]) implies the existence of a ﬁnite faithful representation
on a free H-module.
3. Finite representations of associative conformal algebras
In this section, we prove that a ﬁnite associative conformal algebra C has a ﬁnite faithful confor-
mal module M which is free as an H-module. In particular, C can be embedded into Cendn for an
appropriate n.
Next, we state some examples of torsion-free associative conformal algebras that do not satisfy
neither (U), nor (FR). One example is a ﬁnitely generated algebra of linear growth, another one is
inﬁnitely generated but locally ﬁnite (of zero GK-dimension).
Throughout the rest of the paper, the term “representation” stands for left conformal representa-
tion.
3.1. Finite conformal algebras
Theorem 2. Let C be a torsion-free ﬁnite associative conformal algebra. Then C has a faithful representation
on a free ﬁnitely generated H-module.
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C  ConfAs〈B;N〉/I,
where N : B × B → Z+ is an appropriate locality function, I is an ideal of the free associative confor-
mal algebra ConfAs〈B;N〉.
Lemma 1.
(i) If 0 = f ∈ I then degB f > 1.
(ii) For every g ∈ ConfAs〈B;N〉 \ I there exists unique gˆ ∈ ConfAs〈B;N〉 such that degB gˆ = 1 and g− gˆ ∈ I .
(iii) There exists a constant M such that degD uˆ  M for all D-free u ∈ ConfAs〈B;N〉.
Proof. (i) The images of elements of B in C are linearly independent over H . Therefore, if f =∑
i hi(D)ai ∈ I for some hi ∈ H , ai ∈ B then f = 0.
(ii) It follows from the fact that C is generated by B as an H-module. The statement (i) implies
uniqueness.
(iii) Consider the multiplication table of C : All n-products of elements a,b ∈ B are equal in C to
H-linear combinations of elements of B . Therefore,
I  a (n) b −
∑
c∈B
hc,na,b(D)c, a,b ∈ B, 0 n < N(a,b), hc,na,b ∈ H .
Denote by M the maximal deghc,na,b that appears in this table.
It is enough to show that degD uˆ  M for all D-free monomials u of the form (19). Assume
wt(u) = (k,ak,nk−1,ak−1, . . . ,n1,a1,0).
Proceed by induction on k 1. For k = 1,2 the statement is obvious. For k > 2, u = v (nk−1) ak , where
v is a D-free monomial of length k − 1. Then u − vˆ (nk−1) ak ∈ I , but (2) implies vˆ (nk−1) ak to be a
D-free conformal polynomial of degree two in B (or vˆ (nk−1) ak = 0). Therefore, degD uˆ  M . 
Denote by B ′ = B ∪ {v}, where v /∈ B . Fix a non-negative integer constant M ′ and deﬁne a function
N ′ : B ′ × B ′ → Z+ in the following way:
N ′|B×B = N, N ′(v, x) = 0 for x ∈ B ′, N ′(b, v) = M ′ for b ∈ B.
Note that ConfAs〈B;N〉 is a conformal subalgebra of ConfAs〈B ′;N ′〉 for any M ′ .
Lemma 2. Suppose f ∈ ConfAs〈B;N〉, m 0. If f (m) v = 0 in the free algebra ConfAs〈B ′;N ′〉 then
f = f1 + Dm+1 f2, f1, f2 ∈ ConfAs〈B;N〉, degD f1 m− M ′.
Proof. As an arbitrary element of ConfAs〈B;N〉, f can be presented in the form
f =
∑
s0
Dsus, degD us = 0.
Without loss of generality, we may assume f to be homogeneous of degree k 1 in B .
Assume there exists s  0 such that max{−1,m − M ′} < s m and us = 0. Choose the minimal
such s0. Let (
. . .
(
(a1 (n1) a2) (n2) a2
)
(n3) . . .
)
(nk−1) ak
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. . .
(
(a1 (n1) a2) (n2) a2
)
(n3) . . .
)
(nk−1) ak
)
(m−s0) v
is a basic monomial of ConfAs〈B ′;N ′〉 which is a principal term of f (m) v . But f (m) v = 0, i.e., it has
no principal term. 
Denote by J the ideal of ConfAs〈B ′;N ′〉 generated by I , and let CM′ stands for the quotient con-
formal algebra ConfAs〈B ′;N ′〉/ J .
Lemma 3. The initial conformal algebra C is a subalgebra of CM′ for every M ′  0.
Proof. Due to the deﬁnition of N ′ , the set
I + H(I · v) :=
{
f +
∑
s0
Ds(gs (ns) v)
∣∣∣ f , gs ∈ I, ns  0
}
is an ideal of ConfAs〈B ′;N ′〉. Obviously, I + H(I · v) = J . But for every s  0 either all terms of
Ds(gs (ns) v) contain v or gs (ns) v = 0. Therefore, J ∩ ConfAs〈B;N〉 = I , that proves the lemma. 
Lemma 4. Conformal algebra CM′ is a torsion-free H-module.
Proof. Assume there exists f ∈ ConfAs〈B ′;N ′〉 such that f /∈ J but h(D) f ∈ J for some nonzero h ∈ H .
As an arbitrary element of ConfAs〈B ′;N ′〉, f can be presented in a form
f = f0 +
k∑
s=0
Ds(gs (ns) v), f0, gs ∈ ConfAs〈B;N〉, ns  0.
Let us choose such an element f with minimal k. Then k > 0 (otherwise, C contains nonzero torsion),
and gk (nk) v /∈ J .
Suppose degh =m. Then
h(D) f = h(D) f0 + Dk+m(gk (nk) v) +
k+m−1∑
s=0
Dsus,
where us are D-free elements of ConfAs〈B ′;N ′〉. It was shown in the proof of Lemma 3 that
J = I + H(I · v). Hence, in particular, there exist g ∈ I and l  0 such that gk (nk) v = g (l) v ∈ J ,
a contradiction. 
Hence, one may consider CM′ as a regular left conformal module over its subalgebra C . Denote
by U its conformal C-submodule generated by v . This is a ﬁnitely generated torsion-free H-module,
hence, C has a ﬁnite representation on the free H-module U .
It remains to show that if M ′ > M , where M is the constant from Lemma 1(iii), then U is a faithful
conformal C-module.
Assume there exists f ∈ ConfAs〈B;N〉 such that f /∈ I but f (n) v ∈ J for all n 0. By Lemma 1(ii),
there exists
fˆ =
∑
ss
Dsus, f − fˆ ∈ I, us ∈ kB,
0
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fˆ (s0) v = (−1)s0 s0!us0 (0) v ∈ J .
Hence, there exists 0 = a ∈ kB such that a (0) v ∈ J . But J = I + H(I · v), so there exist g ∈ I and
m 0 such that g (m) v = a (0) v , or
(
(−1)mm!g − Dma) (m) v = 0.
By Lemma 2,
(−1)mm!g − Dma =
∑
s0
Dsus, degD us = 0,
where us = 0 only for s >m or for sm− M ′ .
Consider
g˜ =
∑
s0
Dsuˆs.
By deﬁnition,
g˜ − ((−1)mm!g − Dma) ∈ I,
and by Lemma 1 we have degB uˆs = 1, degD uˆs  M for all nonzero uˆs . Therefore, all terms of g˜
are linear in B , and their degrees in D are either > m or  m − M ′ + M < m. Also, g˜ + Dma ∈ I ,
so we obtain a non-trivial H-linear combination of elements of B which is equal to zero in C . This
contradicts to the condition TorH C = 0.
Thus we have proved U to be a ﬁnite faithful conformal C-module (the action on v is faithful). By
Lemma 4, U is a free H-module, so C satisﬁes (FFR). 
Since (FFR) implies (TU), we obtain the following
Corollary 1. A ﬁnite torsion-free associative conformal algebra can be embedded into a ﬁnitely generated
associative conformal algebra of no more than linear growth with a two-sided identity.
3.2. Inﬁnite associative conformal algebras
Here we state some examples to show that Theorem 2 cannot be expanded neither to ﬁnitely
generated associative conformal algebras of linear growth nor to locally ﬁnite inﬁnitely generated
associative conformal algebras.
Example 4. Consider the free 1-generated H-module M1 = Hv . Then
C = Cend1 ⊕M1 (21)
is an associative conformal algebra with respect to the λ-product
(a+ u) (λ) (b + w) = a (λ) b + aλ(w), a,b ∈ Cend1, u,w ∈ M1
(split null extension).
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ﬁnitely generated associative conformal algebra of linear growth.
Assume C is embedded into an associative conformal algebra C ′ that contains a right identity e.
Then NC ′ (v, e) = n > 0 (otherwise, {v (0) e} = 0), but 0= x (0) (v (n) e) = (x (0) v) (n) e = −nv (n−1) e = 0.
The contradiction obtained shows that such C ′ does not exist, i.e., C does not meet (U). Hence, Cop
cannot be embedded into an associative conformal algebra with a left identity.
As a corollary, the algebra C from (21) does not satisfy (FR). Indeed, note that C contains a left
identity, so it satisﬁes (NA). Thus, if it has a ﬁnite faithful representation then it also satisﬁes (FFR).
But every conformal algebra with (FFR) also satisﬁes (TU), which is not true for C .
Next, let us state an example of a conformal algebra that satisﬁes (FR), but does not satisfy (FFR).
Example 5. Assume C is the algebra from Example 4. Then Cop does not meet (TU), hence, it does
not satisfy (FFR). Let us show that C has ﬁnite faithful right representation (on an H-module with
nonzero torsion). Then Cop would satisfy (FR), but not (FFR).
Consider the right ideal Cendx,1 of Cend1, and the free 1-generated H-module M1 generated by
an element v . Then
C1 = Cendx,1 ⊕DM1,
is a right ideal of C .
It is clear that M = C/C1 is a 2-generated H-module, the generators are 1¯= 1+C2 and v¯ = v+C2.
Moreover, TorH (M) = kv¯ = 0. However, the regular right representation induces right representation
of C on M , which is obviously faithful (1¯ (λ) f (D, x) = f (D + λ,λ)1¯, 1¯ (λ) f (D)v = f (λ)v¯).
Finally, let us state an example of a locally ﬁnite torsion-free associative conformal algebra that
does not satisfy neither (U), nor (FR).
Example 6. Consider the free 2-generated H-module M2 generated by two elements e1, e2. Identify
M2 with H ⊗ k2, assuming e1 =
( 1
0
)
, e2 =
( 0
1
)
. Then CendM2 has natural matrix presentation as
M2(k[D, x]).
Denote by C0 the set of all matrices
(
f (D) g(D, x)
0 f (D)
)
, f ∈ H, g ∈ k[D, x].
It follows from (18) that C0 is a subalgebra of CendM2.
Now, consider the split null extension
C2 = C0 ⊕ M2.
This is a torsion-free inﬁnite associative conformal algebra which is locally ﬁnite, and it has a left
identity, i.e., satisﬁes (NA).
Let us show that C2 does not satisfy (U). Assume there exists C ′ ⊇ C2 such that C ′ contains a right
identity e. Denote n = NC ′ (e2, e), and note that n > 0. Also, denote
ak =
(
0 x
k
k!
0 0
)
∈ C0, k 0.
By deﬁnition, ak (0) e2 = 1k! Dke1. Since NC ′ (e1, e) > 0, there exists m 0 such that e1 (m) e = 0. Consider
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= 1
n! D
ne1 (n+m) e = (−1)n
(
n+m
n
)
e1 (m) e = 0.
The contradiction obtained shows that C02 cannot be embedded into an associative conformal algebra
with a right identity. Hence it does not satisfy (FFR) and also (FR).
4. Finite solvable Lie conformal algebras
The main purpose of this section is to show that a ﬁnite torsion-free solvable Lie conformal algebra
has a ﬁnite faithful representation on a free H-module.
Throughout this section, λ-product on a Lie conformal algebra L is denoted by [· (λ) ·] : L⊗ L → L[λ].
For n-products we use similar notation:
[a (λ) b] =
NL(a,b)−1∑
n=0
λn
n! [a (n) b], a,b ∈ L.
If V is a conformal L-module with respect to a representation ρ : L → Cend V then ρ(a)λv ∈ V [λ] is
simply denoted by a (λ) v , a ∈ L, v ∈ V . By Ker V we denote the set {a ∈ L | a (λ) V = 0}.
4.1. Double construction for representations
Let us start with a remark demonstrating the main idea of this subsection. Consider an ordinary
ﬁnite-dimensional Lie algebra g, and let L = Curg be the current conformal algebra over g. In order to
show that L has a ﬁnite faithful (conformal) representation one may use the classical Ado Theorem:
The functor Cur allows to raise a representation of g to a representation of L.
However, the same result can be easily obtained as follows. Consider g as a Leibniz algebra and
construct its ﬁnite faithful conformal representation ρ [19] on the free H-module
V = H ⊗ (k1⊕ g),
where
ρ(a)λ1= λa, ρ(a)λb = [a,b], a,b ∈ g.
This is straightforward to check that ρ can be extended to a conformal representation of L by sesqui-
linearity. This representation is obviously ﬁnite and faithful.
A similar idea leads to the following
Theorem 3. Let L be a Lie conformal algebra. Then L has a ﬁnite faithful representation (on a torsion-free
module) if and only if there exist two ﬁnite conformal (torsion-free) L-modules V , M, and a k-linear map
〈· (λ) ·〉 : L ⊗ V → M[λ]
such that:
(D1) 〈Dx (λ) v〉 = −λ〈x (λ) v〉, 〈x (λ) Dv〉 = (D + λ)〈x (λ) v〉 for all x ∈ L, v ∈ V ;
(D2) x (λ) 〈y (μ) v〉 − 〈y (μ) (x (λ) v)〉 = 〈[x (λ) y] (λ+μ) v〉 for all x, y ∈ L, v ∈ V ;
(D3) {a ∈ L | 〈a (λ) V 〉 = 0} ∩ Ker V ∩ KerM = 0.
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V = M = U and let 〈· (λ) ·〉 be the module action of L on U . It is obvious that (D1)–(D3) hold.
Conversely, assume such V and M exist. Consider U = V ⊕ M and deﬁne an action
(· ˆ(λ)·) : L ⊗ U → U [λ]
as follows:
a ˆ(λ)v = a (λ) v + λ〈a (λ) v〉,
a ˆ(λ)m = a (λ) m (22)
for a ∈ L, v ∈ V , m ∈ M . It follows from (D1) that this map is sesqui-linear. In order to check that (22)
deﬁnes a conformal representation of L it is enough to show
x ˆ(λ)(y ˆ(μ)v) − y ˆ(μ)(x ˆ(λ)v) = [x (λ) y] ˆ(λ+μ)v, x, y ∈ L, v ∈ V . (23)
Indeed, (D2) implies
x ˆ(λ)(y ˆ(μ)v) − y ˆ(μ)(x ˆ(λ)v) = x ˆ(λ)
(
y (μ) v + μ〈y (μ) v〉
)− y ˆ(μ)(x (λ) v + λ〈x (λ) y〉)
= x (λ) (y (μ) v) − y (μ) (x (λ) v) + λ
〈
x (λ) (y (μ) v)
〉− λy (μ) 〈x (λ) y〉
+ μx (λ) 〈y (μ) v〉 − μ
〈
y (μ) (x (λ) v)
〉
= [x (λ) y] (λ+μ) v − λ
〈[y (μ) x] (λ+μ) v〉+ μ〈[x (λ) y] (λ+μ) v〉.
It remains to note that
〈[y (μ) x] (λ+μ) v〉= −〈[x (−D−μ) y] (λ+μ) v〉= −〈[x (λ) y] (λ+μ) v〉,
and then (23) follows.
Finally, note that (D3) guaranties the representation obtained to be faithful. If both V and M are
torsion-free H-modules then so is U = V ⊕ M . 
Remark 2. The representation of L = Curg described in the beginning of this subsection appears from
trivial L-module V of rank one and the regular module M = L.
We may now deduce a condition (slightly stronger than just an embedding of a Lie conformal
algebra into an associative one) that is suﬃcient for existence of a ﬁnite faithful representation.
Corollary 2. Let L be a ﬁnite Lie conformal algebra. If for every 0 = x ∈ L there exists (U , ι) ∈ E(L) such that
ι(x) (λ) U = 0 then L has a ﬁnite faithful representation.
Proof. First, let us note that L has to be torsion-free. Indeed, ι(x) (λ) U = 0 for all x ∈ TorH L,
(U , ι) ∈ E(L). This is impossible if every x = 0 does not annihilate an appropriate associative enve-
lope.
Next, let us show that there exists (U , ι) ∈ E(L) such that ι(x) (λ) U = 0 for all 0 = x ∈ L. Assume
the converse, and choose a basis B of L over H . Consider the family of universal associative envelopes
(UN (L), ιN ) [7], where N is a positive integer considered as an upper bound for the locality function
on ιN (B) ⊂ UN (L). Then
IN =
{
x ∈ L ∣∣ ιN(x) (λ) UN(L) = 0} = 0, N  1,
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fore, L/IN is a torsion-free H-module. Since L is a ﬁnite conformal algebra, there exists N0 such
that IN = IN0 for all N  N0. An arbitrary associative envelope (U , ι) is an image of (UN (L), ιN ) for
suﬃciently large N , so ι(IN0 ) (λ) U = 0 for all (U , ι) ∈ E(L). Hence, IN0 = 0.
Finally, choose an envelope (U , ι) ∈ E(L) such that ι(x) (λ) U = 0 for every 0 = x ∈ L. Consider
V = ι(L) ⊂ U as a conformal L-module with respect to the adjoint action: x (λ) ι(y) = ι([x (λ) y]),
x, y ∈ L. Denote by M the H-submodule of U spanned by all ι(x) (n) ι(y), x, y ∈ L, n  0. Consider M
as a conformal L-module with respect to the commutator action:
x (n)
(
ι(y) (m) ι(z)
)= [ι(x) (n) (ι(y) (m) ι(z))],
x, y, z ∈ L, n,m 0. Relation (16) implies that x (n) M ⊂ M for all x ∈ L, n 0.
Deﬁne
〈· (λ) ·〉 : L ⊗ V → M[λ]
by the rule 〈
x (λ) ι(y)
〉= ι(x) (λ) ι(y), x, y ∈ L.
It remains to check that V , M , and 〈· (λ) ·〉 satisfy the conditions of Theorem 3. Indeed, (D1) holds
by deﬁnition, (D2) follows from (16), and (D3) is guaranteed by the choice of U : Since U is generated
by ι(L), we have 〈x (λ) V 〉 = ι(x) (λ) ι(L) = 0 for every 0 = x ∈ L. 
4.2. Ad-invariance property
Proposition 2. Let L be a ﬁnite torsion-free Lie conformal algebra with a basis B over H. Assume L has the
PBW property with respect to B. Then L has a ﬁnite faithful representation on a free H-module.
Proof. If the graded universal envelope grUN (L) of L for some odd integer N > 0 is isomorphic to
the free commutative conformal algebra FN (B) generated by B with constant locality function N then
(UN (L), ιN ) satisﬁes the conditions of Corollary 2.
Moreover, it follows from [7, Theorem 5] and the ﬁnal remark of [7, Section 5] that for every odd
N > 0 there exists an embedding of conformal algebras
FN(B) ⊆ Curk
[
pbs
∣∣ s = 0, . . . , N/2, b ∈ B],
deﬁned by
b →
N/2∑
s=0
1
s! (−D)
s ⊗ pbs , b ∈ B.
Therefore, FN (B) is a torsion-free conformal algebra, and the modules V and M constructed in the
proof of Corollary 2 are free. Theorem 3 implies that L has a faithful ﬁnite representation on a free
H-module. 
Example 7. There exist ﬁnite torsion-free Lie conformal algebras that have no PBW property. For
example, consider the Virasoro conformal algebra V ir = Hx and its trivial module V = He of rank
one, x (λ) e = 0.
Then the split central extension L = V ir ⊕ V has no PBW property with respect to B = {x, e}.
Indeed, for every (U , ι) ∈ E(L) we have[
ι(x) (0)
(
ι(x) (n) ι(e)
)]= −nι(x) (n−1) ι(e), n 1.
Hence, NU (ι(x), ι(e)) = 0.
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tence of a ﬁnite faithful representation, and prove ﬁnite solvable Lie conformal algebras to have this
property.
Let L be a ﬁnite torsion-free Lie conformal algebra. Consider the space L = k[t] ⊗H L, where k[t]
is a right H-module with respect to the action deﬁned by f (t) · D = − f ′(t), f ∈ k[t]. (This is just the
positive part of the coeﬃcient algebra of L [17,6].) Note that lowdeg(tm · f (D)) = m − deg f , where
lowdeg(g), g ∈ k[t], is the smallest s such that ts appears in g(t).
Deﬁne the family of linear maps
(· (n) ·) : L ⊗ L → L
by the rule
x (n)
(
tm ⊗H a
)=∑
s0
(
n
s
)
tm+s ⊗H [x (n−s) a], x,a ∈ L, n,m 0. (24)
Lemma 5. The operations (24) are well-deﬁned.
Proof. For every x,a ∈ L, n,m 0 we have
x (n)
(
tm ⊗H Da
)=∑
s0
(
n
s
)
tm+s ⊗H [x (n) Da]
=
∑
s0
(
n
s
)
tm+s ⊗H
(
D[x (n−s) a] + (n− s)[x (n−s−1) a]
)
= −
∑
s0
(m+ s)
(
n
s
)
tm+s−1 ⊗H [x (n−s) a]
+
∑
s0
(n− s)
(
n
s
)
tm+s ⊗H [x (n−s−1) a]
= −m
∑
s0
(
n
s
)
tm+s−1 ⊗H [x (n−s) a] −
∑
s1
s
(
n
s
)
tm+s−1 ⊗H [x (n−s) a]
+
∑
s0
(s + 1)
(
n
s + 1
)
tm+s ⊗H [x (n−s−1) a] = x (n)
(
tmD ⊗H a
)
. 
Lemma 6. The operations (24) satisfy the following relations:
Dx (n) u = −nx (n−1) u,
x (n) (y (m) u) − y (m) (x (n) u) =
∑
r0
(
n
r
)
[x (n−r) y] (m+r) u,
x, y ∈ L, u ∈ L, n,m 0.
Proof. By deﬁnition, if u = tl ⊗H a ∈ L, a ∈ L, l 0, then
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∑
s0
(
n
s
)
tl+s ⊗H [Dx (n−s) a] = −
∑
s0
(n− s)
(
n
s
)
tl+s ⊗H [x (n−s−1) a]
= −n
∑
s0
(
n− 1
s
)
tl+s ⊗H [x (n−s−1) a] = −nx (n−1) u
for all x ∈ L, n 0.
Moreover, if u ∈ L as above, x, y ∈ L, n,m 0 then
x (n) (y (m) u) =
∑
p,q0
(
m
p
)(
n
q
)
tl+p+q ⊗H
[
x (n−q) [y (m−p) a]
]
.
Similarly,
y (m) (x (n) u) =
∑
p,q0
(
m
p
)(
n
q
)
tl+p+q ⊗H
[
y (m−p) [x (n−q) a]
]
.
Hence,
x (n) (y (m) u) − y (m) (x (n) u)
=
∑
p,q0
(
m
p
)(
n
q
)
tl+p+q ⊗H
([
x (n−q) [y (m−p) a]
]− [y (m−p) [x (n−q) a]])
=
∑
p,q,s0
(
m
p
)(
n
q
)(
n− q
s
)
tl+p+q ⊗H
[[x (n−q−s) y] (m−p+s) a]
=
∑
p,r,s0
(
m
p
)(
n
r
)(
r
s
)
tl+p+r−s ⊗H
[[x (n−r) y] (m−p+s) a] (25)
for r = q + s. Changing the summation variable to k = p + r − s leads (25) to
∑
k,r,s0
(
n
r
)(
m
k − r + s
)(
r
s
)
tl+k ⊗H
[[x (n−r) y] (m−k+r) a]
=
∑
r,k0
(
n
r
)(
m+ r
k
)
tl+k ⊗H
[[x (n−r) y] (m+r−k) a]=∑
r0
(
n
r
)
[x (n−r) y] (m+r) u. 
Sesqui-linearity (3) allows to expand (24) to a family of maps (· (n) ·) : L ⊗ U → U , where U is the
free H-module generated by the space L. However, U is not a conformal L-module since the locality
axiom (1) does not hold.
Deﬁnition 2. Suppose L is a ﬁnite torsion-free Lie conformal algebra with a basis B over H . We say
that L has the ad-invariance property with respect to B if there exists a function N : B → Z+ such that
N(b) > 0 for all b ∈ B and the subspace
I(B,N) = Spank
{
tm ⊗H a
∣∣m N(a), a ∈ B}⊆ L
is invariant under the action (24) of L.
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ad-invariance property with respect to B . Indeed, it is enough to consider N ≡ 1
The Virasoro conformal algebra V ir has no ad-invariance property. If x is the generator of V ir over
H then x (0) (tm ⊗H x) = tm ⊗H Dx = −mtm−1 ⊗H x, so I(B,N) cannot be invariant under (24) except
for N ≡ 0.
Theorem 4. If L has the ad-invariance property then L has a ﬁnite faithful representation on a torsion-free
H-module.
Proof. Suppose I(B,N) ⊆ L is invariant under the action deﬁned by (24). Let V = Hu be the free
1-generated H-module and M = H ⊗ (L/I(B,N)) be the free H-module generated by the ﬁnite-
dimensional space L/I(B,N).
One may consider V as an L-module with respect to the trivial action x (λ) u = 0, x ∈ L. Note that
(24) induces the family of operations (· (n) ·) : L⊗M → M , n 0, satisfying (2), (3), and (10). Moreover,
these operations also satisfy (1) since for every w ∈ L and for every x ∈ L we have x (n) w ∈ I(B,N)
for suﬃciently large n. Hence, M is a ﬁnite torsion-free conformal L-module.
Deﬁne 〈· (n) ·〉 : L ⊗ V → M , n 0, in the following way: Set
〈x (n) u〉 = 1⊗
(
tn ⊗H x+ I(B,N)
)
, x ∈ L, (26)
and expand to the entire V by the sesqui-linearity (see (D1) in Theorem 3). Given x ∈ L, the space
I(B,N) contains tn ⊗H x for almost all n 0, so we may deﬁne
〈x (λ) v〉 =
∑
n0
λn
n! 〈x (n) v〉 ∈ M[λ], x ∈ L, v ∈ V .
It follows from the construction that 〈Dx (n) v〉 = −n〈x (n−1) v〉, so the condition (D1) of Theorem 3
holds. Later we will identify notations for w ∈ L and 1⊗ (w + I(B,N)) ∈ M .
Let us check (D2). It is enough to consider v = u ∈ V . By (26),
x (n) 〈y (m) u〉 −
〈
y (m) (x (n) u)
〉=∑
s0
(
n
s
)
tm+s ⊗H [x (n−s) y] =
∑
s0
(
n
s
)〈[x (n−s) y] (m+s) u〉,
for all x, y ∈ L, n,m 0. This implies (D2).
Finally, assume that 〈x (λ) u〉 = 0 for some nonzero x =∑i hi(D)bi ∈ L, hi ∈ H , bi ∈ B . Then x can
be rewritten in the form
x=
m∑
s=n
Ds ys, ys ∈ kB, yn, ym = 0.
Therefore, 0 = 〈x (n) u〉 = tn ⊗H Dn yn = (−1)nn!1 ⊗H yn , but 1 ⊗H yn /∈ I(B,N) if 0 = yn ∈ kB and
N(b) > 0 for all b ∈ B . Hence, the condition (D3) of Theorem 3 holds, so L has ﬁnite faithful represen-
tation on the free H-module V ⊕ M . 
4.3. Representations of solvable algebras
Suppose L is a Lie conformal algebra. Denote by L′ the subspace of L spanned by all elements
[x (n) y], x, y ∈ L, n 0. It is clear that L′ is an ideal of L. Deﬁne the chain of ideals L(n) as follows:
L1 = L, L(n+1) = (L(n))′, n 1.
If there exists n > 1 such that L(n) = 0 then L is said to be solvable.
The structure of ﬁnite solvable Lie conformal algebras was described in [4, Theorems 8.4, 8.5].
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be a ﬁnite torsion-free solvable Lie conformal algebra, and let V be a conformal module over L which is ﬁnite
and torsion-free as an H-module. Then there exists a sequence of submodules
0= V0 ⊂ V1 ⊂ · · · ⊂ Vn = V
such that V i+1/Vi = H v¯i is a free H-module of rank one for each i = 0, . . . ,n − 1. Moreover, the induced
representation of L on V i+1/Vi is deﬁned by a linear map ϕi : L → k[λ], ϕi : x → ϕi,x(λ), such that
x (λ) v¯ i = ϕi,x(λ)v¯ i .
Theorem 6. For every ﬁnite torsion-free solvable Lie conformal algebra L over an algebraically closed ﬁeld k
there exists a basis B of L over H such that L has the ad-invariance property with respect to B.
Proof. Theorem 5 for the regular module V = L implies that there exists a basis B = {b1, . . . ,bn} of L
such that
[a (λ) bi] =
n∑
j=i
ϕ
j
a,i(D, λ)b j, a ∈ L, ϕ ja,i ∈ k[D, λ], i = 1, . . . ,n,
i.e., the regular representation of L is triangular. Moreover, ϕ ia,i(D, λ) does not depend on D .
Deﬁne a function N : B → Z+ in the following way. Choose any integer K > 0, and set
N(bn) = K , N(bi) = max
j>i,a∈B
{
N(b j) + degD ϕ ja,i
}
, 1 i  n− 1.
Then I(B,N) is invariant with respect to (24). Indeed, let a ∈ A and
ϕ
j
a,i =
∑
s0
λs
s! f
j,s
a,i (D), f
j,s
a,i ∈ H, 1 i  j  n.
In particular, N(bi) N(b j) + deg f j,sa,i for all j > i. Then for every m > N(bi) we have
a (k)
(
tm ⊗H bi
)=∑
s0
(
k
s
)
tm+s ⊗H
(
n∑
j=i
f j,k−sa,i (D)b j
)
=
n∑
j=i
(∑
s0
(
k
s
)
tm+s · f j,k−sa,i (D)
)
⊗H b j =
n∑
j=i
gk, ja,i (t) ⊗H b j,
where lowdeg gk, ja,i m−maxs0 deg f j,k−sa,i  N(b j) for j > i. If j = i then f i,k−sa,i ∈ k, so, ﬁnally,
a (k)
(
tm ⊗H bi
) ∈ I(B,N), a ∈ B, m N(bi), i = 1, . . . ,n.
Therefore, L has the ad-invariance property with respect to B . 
Remark 3. Note that one may choose the function N to be as large as needed. Namely, for any function
ν : B → Z+ there exists N : B → Z+ such that N(b) ν(b) for all b ∈ B and I(B,N) is invariant under
the action (24).
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H-module.
Proof. If the ﬁeld k is algebraically closed then the claim follows from Theorems 4 and 6.
Suppose k is an arbitrary ﬁeld (of characteristic zero), and let k¯ stands for its algebraic closure.
Then L¯ = k¯ ⊗k L is a Lie conformal algebra over k¯. If L is ﬁnite (torsion-free, solvable) then so is L¯.
To complete the proof, we only need the following
Lemma 7. Suppose L is a ﬁnite torsion-free Lie conformal algebra over k. If L¯ = k¯ ⊗k L has a ﬁnite faithful
representation on a free module over H¯ = k¯[D] then L has a ﬁnite faithful representation on a free H-module.
Proof. Let B stands for a ﬁnite basis of L over H = k[D], then B is a basis of L¯ over H¯ = k¯[D]. The
multiplication table of L¯ with respect to B coincides with the one of L. Assume
[a (λ) b] =
∑
c∈B
gca,b(D, λ)c, a,b ∈ B, gca,b ∈ k[D, λ].
Suppose V¯ is a ﬁnite faithful conformal L¯-module which is free as an H¯-module. Let us choose a
basis {e1, . . . , em} of V¯ over H¯ . Then the structure of a conformal L¯-module on V¯ is given by
a (λ) ei =
m∑
j=1
ϕ
j
a,i(D, λ)e j, i = 1, . . . ,m, a ∈ B, ϕ ja,i ∈ k¯[D, λ].
Since the number of polynomials ϕ ja,i is ﬁnite, there exists a ﬁnite extension F of the ﬁeld k such
that all these polynomials belong to F [D, λ]. We may assume F = k(α), where α is algebraic over k.
Suppose n  1 is the degree of the minimal polynomial for α. Then we may ﬁnd f j,lb,i,k ∈ k[D, λ],
k = 0, . . . ,n− 1, i, j = 1, . . . ,m, b ∈ B , such that
αkϕ
j
b,i(D, λ) =
n−1∑
l=0
αl f j,lb,i,k(D, λ). (27)
Consider the free H-module W generated by the ﬁnite set {eki | i = 1, . . . ,m, k = 0, . . . ,n− 1} and
deﬁne
b (λ) e
k
i =
m∑
j=1
n−1∑
l=0
f j,lb,i,k(D, λ)e
l
j, b ∈ B. (28)
Relation (28) can be extended by sesqui-linearity to a map (· (λ) ·) : L ⊗ W → W [λ]. Let us check that
the analogue of (8) holds for this operation. In our notations, we have to show the equality
m∑
j,p=1
n−1∑
l,q=0
[
f j,lb,i,k(D + λ) f p,qa, j,l(D, λ) − f j,la,i,k(D + μ,λ) f p,qb, j,l(D,μ)
]
=
∑
c∈B
m∑
p=1
n−1∑
q=0
gca,b(−λ − μ,λ) f p,qc,i,k(D, λ + μ) (29)
for all a,b ∈ B , i = 1, . . . ,m, k = 0, . . . ,n− 1.
It follows from (8) for the action of L¯ on V¯ that
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j,p=1
[
ϕ
j
b,i(D + λ,μ)ϕpa, j(D, λ) − ϕ ja,i(D + μ)ϕpb, j(D,μ)
]
=
∑
c∈B
m∑
p=1
gca,b(−λ − μ,λ)ϕpc,i(D, λ + μ), a,b ∈ B, i = 1, . . . ,m. (30)
Now we can multiply both sides of (30) by αk , k = 0, . . . ,n− 1, and apply (27) to obtain (29).
Finally, if x=∑b∈B fb(D)b ∈ KerW for some fb(D) ∈ H then we have
∑
b∈B
fb(−λ) f j,lb,i,k(D, λ) = 0 (31)
for all j = 1, . . . ,m, l = 0, . . . ,n− 1. In particular,
n−1∑
l=0
αl
(∑
b∈B
fb(−λ) f j,lb,i,k(D, λ)
)
= αk
∑
b∈B
fb(−λ)ϕ jb,i(D, λ) = 0.
Therefore, x (λ) V¯ = 0. Since V¯ is faithful, we have x= 0, so W is a faithful conformal L-module. 
Deﬁnition 3. Suppose ρ : L → gcU is a representation of a ﬁnite torsion-free Lie conformal algebra L
on a ﬁnitely generated free H-module U . If there exists a ﬁnite-dimensional subspace U0 of U such
that U  H ⊗ U0 and ρ(a)λU0 ⊆ U0[λ] for all a ∈ L then ρ is said to be a current type representation.
A current type representation is actually a homomorphism from L to (CurEndU0)(−) ⊂ gcU . It is
clear that, under the conditions of Lemma 7, if L¯ has a current type ﬁnite faithful representation then
so is L.
Corollary 3. For every ﬁnite solvable torsion-free Lie conformal algebra L there exists a ﬁnite-dimensional
associative algebra A such that L is a subalgebra of (Cur A)(−) .
Proof. It is enough to consider the case when k is algebraically closed. Let B be the triangular basis
of L over H , and let N stands for the function B → Z+ constructed in the proof of Theorem 6.
Denote by U the ﬁnite faithful L-module constructed by the rule described in Theorem 3 by means
of (24) and (26). Let ρ : L → gcU be the corresponding representation. The set {u} ∪ {b(m) = tm ⊗H
b+ I(B,N) | b ∈ B, 0m < N(b)} is a basis of U over H , let U0 ⊂ U stands for its k-linear span. Then
U = H ⊗ U0.
It follows from the construction that ρ(a)λU0 ⊂ U0[λ] for all a ∈ L, so ρ is a current type repre-
sentation. 
Every ﬁnite conformal Lie algebra L has the largest solvable ideal (radical) R such that L¯ = L/R is
semisimple. If the exact sequence
0→ R → L → L¯ → 0
has a splitting homomorphism L¯ → L then L is isomorphic to the semidirect product L¯  R .
Theorem 8. Let L be a ﬁnite torsion-free Lie conformal algebra, and let R be the solvable radical of L. Suppose
L = L0  R, where L0 = Curg, g is a ﬁnite-dimensional semisimple Lie algebra. Then L has a current type ﬁnite
faithful representation, i.e., there exists a ﬁnite-dimensional associative algebra A such that L ⊆ (Cur A)(−) .
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linear basis of g. Denote by R the linear space k[t] ⊗H R .
Since Li = H∂i  R ⊂ L is a solvable subalgebra, one may repeat the construction from Theorem 6
to obtain a proper subspace U i ⊂ R of ﬁnite codimension which is invariant under the action (24)
of Li . Indeed, it is enough to ﬁnd a triangular basis Bi of the Li-module R and choose a positive
function Ni : Bi → Z+ in such a way that U i = I(Bi,Ni) is the desired subspace:
∂i (n) u,a (n) u ∈ U i, u ∈ U i, a ∈ R, n 0.
Moreover, it follows from Remark 3 that for every i = 1, . . . ,d we can ﬁnd an inﬁnite sequence of
such subspaces
U i1 ⊃ U i2 ⊃ · · · , U ik = I(Bi,Ni,k),
⋂
k1
U ik = 0,
where (1⊗H R) ∩ U ik = 0, as in Theorem 6.
For every pair i, j ∈ {1, . . . ,d} and for every function N j : B → Z+ there exists an integer m  0
with the following property: I(Bi,Ni) ⊆ I(B j,N j) for all Ni : Bi → Z+ satisfying Ni(b)  m for all
b ∈ Bi . Therefore, for every k  1 there exists kij  1 such that U jkij ⊆ U ik . In particular, we may ﬁnd
k1, . . . ,kd  1 such that
Udkd ⊆ Ud−1kd−1 ⊆ · · · ⊆ U1k1 .
Given a subspace V ⊆ R and ∂ ∈ L0, denote by ∂mV the subspace of R spanned by ∂ (s1) (∂ (s2)
(∂ (s3) . . . (sm−1) (∂ (sm) v) . . .)), si  0, v ∈ R. In particular, ∂mi U ik ⊆ U ik for all k,m 1.
It is easy to see that
U0 =
∑
m1,...,md−10
∂
m1
1 . . . ∂
md−1
d−1 U
d
kd
is invariant under the action (24) of the entire L = (Curg) R . Since Udkd ⊆ U0 ⊆ U1k1 , the codimension
of U0 in R is ﬁnite and (1⊗H R) ∩ U0 = 0.
Now we may build M = H ⊗ (R/U0) as in Theorem 6, and the same double construction with
free 1-generated trivial module Hu gives a current type ﬁnite representation ρ of L whose kernel
has zero intersection with R . The direct sum of this representation with the natural current type
representation of L on L0 is a current type ﬁnite faithful representation of L. 
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